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1 Introduction

Given a graph G = (V,E) on n vertices, a vertex ordering (or layout) is a
bijection f : V — {1,2,...,n}. In the bandwidth minimization problem, the
goal is to find a vertex ordering f of G such that its bandwidth

B(G, f) = max |f(u) - f(v)]

is minimized. We denote B(G) = miny B(G, f) to be the bandwidth of G.

This is equivalent to the matriz bandwidth minimization problem, which is
the form it was introduced in the 1960s. In the matrix version of the problem,
a symmetric matrix M is given, and the goal is to find a permuation matrix
P such that the nonzero entries of PMPT are all within a “band of minimum
width” about the diagonal. An application of this is to reduce the amount of
space required to store the matrix, and simplify some matrix operations such
as the LU factorization. In the graph version, if we imagine the vertex ordering
as a layout on a line, then the problem is to make the longest edge as short as
possible. This has many engineering applications such as VLSI, where if the
edges are wires, the problem becomes finding a layout such that the length of
the longest wire is minimized, which is a factor in transmission delays.

In terms of complexity, Papadimitriou [14] showed that the bandwidth mini-
mization problem is NP-hard. Garey et al. [8] showed that the problem remains
NP-hard even for trees with maximum degree 3. So this is one of a few graph
theoretical problems that is hard even for trees. Subsequent investigations into
this problem had been mainly focused on subclasses of graphs with specific struc-
tures, examples include caterpillars, chordal graphs, and even one on asteroidal
triple-free claw-free graphs.

The class of (generalized) caterpillars seems to be of some interest in the
literature. A caterpillar is a graph that consists of a path P called the backbone,
and several paths (called hairs or legs) that are attached (on one end) to vertices
of the backbone. Clearly, caterpillars are trees. Assman et al. [1] gave a
polynomial time algorithms for finding minimum bandwidth of caterpillars of
hair length at most 2. However, that is the best that we can do for exact
algorithms, since Monien [13] showed that for caterpillars of hair length at most
3, the problem is NP-hard.



Now that you are convinced about the super hardness of this problem, we can
probably be happy with approximations. In the next section, we will focus on a
few techniques in designing approximations algorithms as seen in the literature.

2 Approximation Algorithms in the Literature

2.1 Lower Bounds

Before we talk about approximation algorithms for the bandwidth problem, it
is useful to see some lower bounds for it. One lower bound that I came up with
when I first pondered about this problem is the following;:

Lemma 1. Let A(G) be the mazimum degree of G. Then B(G) > [A(G)/2].

One can easily see why this is true: Take a vertex v of maximum degree
and consider the differences between the label of v with its neighbours. Each
“difference value” can appear at most twice, so the maximum difference has to
be at least A(G)/2.

This lower bound is apparently too easy, and one quick glance at the litera-
ture (e.g. [3]) will give a generalization of this bound:

Lemma 2. Let N(v,d) be the number of vertices that are at most d away from
v. Then
B(G) > maxmax[N(v,d)/2d].
veV d

The value on the RHS of the inequality above is called the local density of the
graph, and it is widely used to measure the performance of an approximation
algorithm.

There are other measures for lower bounds. Harper [12] gave a lower bound
of

B(G) > max ‘ré%l:% |0(S)]

where 9(S) is the set of vertices in S that is adjacent to some vertex in V —
S. Later, Chvatalovd [4] and others improved on this bound. However, these
measures are more difficult to compute than the local density bound.

Dewdney [5] showed some other interesting lower bounds, but they are diffi-
cult to work with as well. He showed that B(G) > x(G) —1 and B(G) > «(G),
where x(G) and x(G) are the chromatic number and the connectivity of G,
respectively.

2.2 Approximation Techniques

The first group of algorithms that we are going to mention are heuristics from
the late 1960s and the 1970s. A perhaps well-known algorithm was introduced
by Cuthill and McKee [6], and this was later improved by Gibbs, Poole and
Stockmeyer [9]. These algorithms are based on the idea of level structures of
the graph. A level structure L is a partition of the vertices of the graph into



levels Ly, Lo, ..., L such that vertices adjacent to a vertex in level L; (2 <
i <k—1) must bein L; 1, L;, or L;11. Having generated such a structure, a
vertex ordering f can be obtained by numbering level by level, i.e. the first |L;|
numbers go to vertices in Lj, the next |Ls| numbers go to vertices in Ly etc.
One can easily see that such an ordering satisfies

B(G) < B(G, f) < 2u(L) — 1,

where w(L) is the size of the largest level in L (the width of L). The bad news
is that this numbering will always satisfy

B(G, f) > w(L).

The algorithms mentioned above both tried to minimize the maximum width of
the levels, and one can perhaps achieve this by increasing the number of levels
(the depth) of the structure. They also number the vertices more carefully
within each level. The result is that both algorithms (especially the one by
Gibbs, Poole and Stockmeyer) work very well in practice, and they are quite
efficient with an average-time complexity of O(n!-2?) for the algorithm by Gibbs
et al. However, from a theoretical point of view, these are not so useful as there
are no proofs that these algorithms will output an ordering whose bandwidth is
within a certain factor from the optimal.

In a 1991 paper, Haralambides, Makedon and Monien [11] took this idea
of level structures and applied it to obtain an approximation algorithm for
caterpillars. Their idea is to take the backbone of the caterpillar and create a
level for each vertex. Then for each leg of the caterpillar, “fold” it (in a fixed
direction) so that starting from the vertex in the backbone it is attached to,
the vertices in the leg are placed so that consecutive vertices in the leg are in
consecutive levels of the structure. (Of course this is only a vague description
of the algorithm. The actual algorithm is slightly more complicated.) The
good news is that the authors gave an analysis that showed this algorithm will
always produce a vertex ordering that is no more than logn times the minimum
bandwidth. This is (as far as I know) the first paper that gives a concrete bound
in the bandwidth minimization problem for any classes of graphs.

In 1998, Feige [7] introduced a new technique for approximating bandwidth
in general graphs. His algorithm involves two steps. The first step is to find
a volume respecting embedding of the graph in a normed space. This is an
extension of ordinary embeddings in the sense that instead of considering the
distance between two vertices, the volume between any subset of k vertices
is considered. After finding such an embedding that has small distortions of
volume, the next step is to project it onto a random line and use the ordering
on the line as the ordering for the bandwidth problem. Feige proved that this
isa O(logg'5 ny/loglog n)-approximation of the bandwidth problem for general
graphs. Later, Gupta [10] gave a similar algorithm that improved this to a
O(log*® n)-approximation for trees.



2.3 Inapproximability

We end this section with a few words on the inapproximability of the bandwidth
problem. Blache, Karpinski and Wirtgen [2] first proved that there is no PTAS
for the bandwidth problem unless P=NP, not even for trees. In particular,
they reduced the 3SAT problem to a tree in the bandwidth problem to show
that no polynomial time approximation algorithm can give a approximation
ratio better than 4/3 for trees, and 1.5 for general graphs. This is improved
by Unger [15] who showed that there is no polynomial time algorithm that has
an approximation ratio of k for any constant k. In fact, this result holds even
for trees of maximum degree 3. So it looks like the logn-approximation for
caterpillars mentioned above is pretty good.

3 Integer Programming Formulation

The bulk of my work on the bandwidth problem is in creating an integer pro-
gramming formulation for the problem. I have not seen any such work in the
literature, so I thought I would try my hands on it. (Then again, this probably
just means that people have tried it and were unsuccessful, so I was pretty pes-
simistic to begin with.) It is easy to characterize the “edge difference” property
in an integer program. The main obstacle is to somehow characterize a vertex
ordering in terms of actual numbers. For this part, I turned to L. Szegd’s integer
programming course this semester (of which I'm a TA, fortunately) and bor-
rowed an assignment question from it. We will give the formulation first, and
then explain why it works. First, let 0 be a new vertex, and let V/ =V U {0}.
Let the variable b represent the bandwidth of the graph. Let w, represent the
label given to vertex u. Let x,, be some 0,1-variable, to be explained later.

min b
[wy, — wy| < b Yuv € E (1)
S onw=1 VueV 2)
veV/ —u
Z Tou = 1 Vue V! (3)
veV/—u
Wy — Wy +NTyy <n—1 Yuv e VX Viu#wv (4)
Zyy € {0,1}
w; € 7

Equation (1) ensures that the bandwidth b is at least as large as the edge differ-
ences. Equations (2) to (4) characterizes the feasible solutions to the asymmet-
ric traveling salesman problem for the complete graph on the vertices V', where
Zyy = 1 if wv is in the (directed) tour, 0 otherwise. In particular, (2) and (3)
ensure that the solution is a collection of tours, and (4) eliminates any subtour
that does not contain the vertex 0 (one can show this by summing this inequal-
ity over all edges in such a subtour to obtain a contradiction nk < (n — 1)k for



some k). We want the w,’s to represent the labels of V in the tour (e.g. first
vertex reached from 0 gets labelled 1, next vertex gets labelled 2 etc.). Notice
that in (4), if x4, = 1, then w, — w, < —1, which means that w, > w, + 1.
This says that if uv is an arc in this tour, then the label of v must be at least
one larger than the label of u, which is sort of what we want. In particular, the
objective function ensures that equality holds in this case. Now the labels w,
may not be {1,2,...,n}, but we know for sure that they are some consecutive
n integers, and that does not change the problem.

Now that you are (sort of) convinced of the correctness of this integer pro-
gram, let’s make some changes to it. First, (1) is really two inequalities,

Wy — Wy < b
— Wy, + W, <b.

To make my life slightly simpler, we define A = {uv,vu : uv € E} to be the set
of directed arcs of E (each edge is replaced with two arcs, one in each direction).
Then these constraints reduce to

Wy — Wy < b Yuv € A.

In order to take the dual, we turn the inequalities around and put the variables
to the LHS. Now we relax the variables x and w to get the following linear
program:

min b
Wy — Wy +b>0 Yuv € A (5)
Z Typ =1 Yu eV’ (6)
veV/—u
> wp= Vue V' (7)
veV/—u
—Wy + Wy —NTyy > 1—n Yuw € VX Vu#v (8)
Typ > 0

(Notice that @, < 1 is implied by (6) and (7).) Now we can take the dual.
Let yy, be the dual variables for (5), z,+ for (6), z,- for (7), and a, for (8)
(obviously running out of letters). Then if I didn’t make any mistake, here is

the dual:
max Z (1 —n)ay, + Z (Zu+ + 2u-)

wveV XV u#v ueV’

uvEA
Z Yuv — Z You + Z (*auv + Olvu) =0 YueV
uvEA vuEA veV —u
Zut + Zy— —nay, <0 Yuv € V x V,u # v

Zut +2p- <0 Yuw e V' x V' u=0o0rv=0
Yuw 20,y 20



Ok, so that is quite horrific, and this is pretty much where I get stuck. Notice
that there are only a polynomial number of constraints and variables, so one
could presumably solve these linear programs in polynomial time. And once an
optimal solution is obtained, one can presumably use (9) to obtain a probability
distribution among the y,,’s and perform some randomized rounding. One
observation that I can make is that by complimentary slackness, if y,, > 0,
then it implies uv is a tight edge in the primal, which means uv realizes the
bandwidth b. Not sure how that would help, though.

4 Acyclic Orientations and Other Failed Attempts

In this section, I will record some random musings on other approaches to this
problem that have raced through my brain in the past. I couldn’t do much with
any of them, unfortunately. The first idea is to relate the bandwidth problem to
acyclic orientations. Given a vertex ordering, one can obtain an acyclic orien-
tation by directing each edge towards the endpoint that has a larger label. On
the other hand, given any acyclic orientation (which is also a partially ordered
set), one can obtain an ordering by taking any linear extension of the poset. So
perhaps some results in the theory of poset can be applied to bandwidth, but
no luck so far for me. Also, there is a theorem saying that a graph has chro-
matic number k if and only if there exists an acyclic orientation whose longest
path has length k£ — 1. So maybe there really is a serious connection with graph
colourings as well.

I have also pondered the possibility of a local search. My idea for a local
search would start with an arbitrary ordering, look at the longest edge, and find
possible candidates that could switch labels with endpoints of that edge such
that the bandwidth can be reduced. The problem is, however, that exchanging
labels could create an unpredictable mess. It’s hard to imagine a consistent cri-
teria that would efficiently switch labels without creating long edges elsewhere.

5 Final Remarks

It is a bit unfortunate that the survey portion of this paper is longer than the
creative portion. The reason being, bandwidth minimization is indeed a difficult
problem, and it has a really long history. A lot of people have worked on it,
and recent techniques are quite difficult to understand. Hence my inability to
do much “playing” with it. Also, procrastination doesn’t help...
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